Abstract. In this paper, a new analytical technique, i.e. a combination of the Energy Balance Method (EBM) with Harmonic Balance Method (HBM), is presented to obtain higher-order approximations of a conservative oscillator with strong odd nonlinearity. To show the accuracy of the present method, one nonlinear oscillator, named as cubic-quintic Du ng oscillator, is investigated. The results obtained in this paper are compared with those determined by other methods and exact solutions. The results give high accuracy and also provide better results than other existing results for both small and large amplitudes of oscillation. The main advantage of the present paper is its simplicity, which contains a few harmonic terms with lower order terms, and these terms make the solution converge quickly. The present technique can be used for other nonlinear oscillators.
Introduction
The study of nonlinear oscillations is a necessary issue in engineering, physical science, applied mathematics, mechanical structures, nonlinear circuits, chemical oscillation, and many real-world applications . Nonlinear oscillations are modeled by nonlinear di erential equations. Many analytical techniques have been developed to solve these nonlinear differential equations. One of the most widely used techniques is perturbation method [1] [2] [3] [4] whereby the nonlinearities are small. However, these techniques have many shortcomings and cannot be used due to strongly nonlinear systems. To overcome these shortcomings, many analytical techniques, such as variational iterative method [5, 6] , homotopy perturbation *. Tel.: +8801710441198 E-mail address: ra m@ruet.ac.bd doi: 10.24200/sci.2017.4258 method [7] [8] [9] , iterative method [10] [11] [12] , harmonic balance method [13] [14] [15] [16] [17] , variational approach [18, 19] , and coupled method [20] , are used to solve strongly nonlinear equations. The energy balance method [21, 22] is also another technique to obtain a rst-order approximation of strongly nonlinear oscillators. Usually, a set of algebraic equations with complex nonlinearities appears when EBM is formulated for determining higher-order approximations. On the contrary, some authors [23, 24] have extended the energy balance method to obtain higher-order approximations, but the algebraic equations are not solved analytically. The Du ng equation is a well-known nonlinear di erential equation [20, 25, 26] which is related to many practical engineering systems, such as the classical nonlinear spring system with odd nonlinear restoring characteristics [3] , and has become applicable more recently in di erent physical phenomena [25] . There have been many variations of Du ng equation, for instance, the Du ng-harmonic equation [11, 12] and the cubicquintic Du ng equation. The unperturbed cubic-quintic Du ng equation can be found in the modeling of the free vibration of a restrained uniform beam carrying an intermediate lumped mass and undergoing large amplitudes of oscillation in the unimodel Du ngtype temporal problem [26] , the nonlinear dynamics of a slender elastica, the generalized Pochhammer-Chree (PC) equation, and the compound Korteweg-de Vries (KdV) equation [26] . A di erential equation with fthpower nonlinearity is very di cult to handle due to the presence of strong nonlinearity.
Due to the presence of fth-power nonlinearity, the accuracy of approximate analytical methods becomes extremely demanding [20] . Recently, several authors [23, 24] have extended the energy balance method to determine higher-order approximations. The limitation of the articles [23, 24] is that they have not analytically solved algebraic equations; instead, they have only solved these algebraic equations numerically. On the other hand, Khan et al. [20] used coupled method of He's homotopy perturbation method [7] and variational formulation [18] to obtain higher-order approximations for nonlinear cubic-quintic Du ng equations. However, the rst, second, even third-order approximations bring about unfavorable results, as compared with the exact solution. Furthermore, Guo et al. [27] obtained the analytical periodic solutions of the oscillator up to third-order approximation.
In this paper, a new analytical technique, combining the energy balance method [23] with harmonic balance method [17] , has been presented to obtain higherorder approximations for nonlinear cubic-quintic Duing equations. Generally, the second-order approximate frequency and the corresponding periodic solution have been determined containing a few harmonic terms with lower order terms. The algebraic equations are analytically solved in this paper easily. The secondorder approximate frequencies (obtained in this paper) show high accuracy in both small and large amplitudes of oscillation and also better than those obtained in [20] (calculated by the second-, third-, and fourth-order approximate frequencies). Moreover, compared to the other second-order approximation, the present method gives better results obtained by Guo et al. [27] .
A cubic-quintic Du ng oscillator of a conservative autonomous system can be described by the following di erential equation with cubic-quintic nonlinearities [20, 26, 27] : u + u + u 3 + u 5 = 0;
with initial conditions:
It is a simple harmonic oscillator if 6 = 0; = = 0; it is a cubic Du ng oscillator if 6 = 0; = 0; further, it is a quintic oscillator if 6 = 0; = 0. Otherwise, it is a cubic-quintic oscillator if and do not vanish (see [20, 26, 27] ). It should be noted that, in the case of 0 < A < 1, system Eq. (1) will present small oscillations. On the other hand, in the case of A 1, system Eq. (1) will present large oscillations (see [20, 26, 27] ).
The basic idea of He's energy balance method
According to the energy balance method [21, 22, 28, 29] , a variational principle for the oscillation is established, and then the corresponding Hamiltonian is considered from which the angular frequency can be easily founded by several residual methods. Let us consider a general form of a nonlinear oscillator with initial conditions in the following form [28, 29] :
Its variational principle can be written as follows:
where T = 2 ! is a period of nonlinear oscillation and F (u) = R f(u)du. The Hamiltonian can be written as follows:
Eq. (5) gives the following residual:
We consider the rst-order approximate solution in the following form:
Substituting Eq. (7) into Eq. (6) yields the following residual:
Finally, collocation at !t = 4 gives [28, 29] :
3. Application of the coupled energy and harmonic balance methods
The variational principle of Eq. (1) can be written as follows:
Its Hamiltonian, therefore, can be written in the following form:
In order to obtain more accuracy, consider the secondorder approximate solution of Eq. (1) in the following form [17] :
Eq. (12) must satisfy initial conditions given in Eq. (2). In order to calculate the residual, by substituting Eq. (12) into Eq. (11), we obtain: 
Now, through dividing Eq. (13) by factor A 2 sec!t and then equating the coe cients of the terms cos ' and cos 3' from the integral:
Respective zeros are obtained as follows: 
Solving Eq. (17) for !, the following is obtained:
Eliminating ! from these two Eqs. (15) and (16) where u 3 is given in Eq. (21) .
Therefore, the second-order approximation becomes: ((1 u 3 ) ) cos !t + u 3 cos 3!t);
where u 3 and ! are given in Eqs. (21) and (22), respectively.
Results and discussion
A new analytical technique coupled by the energy and harmonic balance methods has been presented to determine the approximate frequency and the corresponding solution to cubic-quintic Du ng oscillator. The method is valid for both small (0 < A < 1) and large (A 1) amplitudes of oscillation. Recently, Khan et al. [20, 27] have investigated the same oscillator by coupling homotopy with variational approaches and obtained the rst-, second-, third-, and forth-order approximate frequencies. However, the determination of the third-and fourth-order approximations is a laborious process. In this situation, the determination of ( rst-order (given in Eq. (18) and second-order (given in Eq. (22)) approximations obtained in this paper is an easy and straightforward process.
To verify the e ciency and accuracy of the present method for cubic-quintic Du ng oscillator, in comparison with other results and the exact result, three cases are given: = = = 1, = 5, = 3, = 1 and = 1, = 10, = 100 (see [20] ). The relative errors of frequencies are de ned as follows [26] :
Error (%) = j! i ! Exact j ! Exact ; i = 1; 2; 3; 4; : (24) The relative errors of the rst-and second-order analytical approximations obtained in this paper are compared with the exact solution, providing results less than 4:077% and 0:102%, respectively, in the case of A 1 (i.e., large amplitudes). In Tables 1-3, the relative errors for the approximate frequencies of di erent parameters are presented.
On the other hand, the relative errors of the rst-; second-, third-, and fourth-order analytical approximations obtained by [20] are compared with the exact solution, providing results less than 25:149%, 15:519%, 7:050%, and 0:154%, respectively.
Furthermore, the relative errors of the secondorder analytical approximations obtained by [27] are compared with the exact solution which are less than 1:078%.
Based on these three tables, we also see that the present method gives better results than those obtained in [20, 27] for small values of amplitude, 0 < A < 1. The convergence rate of the present method is faster than [20, 27] . Therefore, the present method is suitable for solving Eq. (1), as compared to [20, 27] . Furthermore, we have determined the secondorder approximate solutions to Eq. (1) for di erent 
Conclusion
In this paper, a new simple analytical technique coupled by energy and harmonic balance methods was presented to solve the cubic-quintic Du ng oscillator. Next, The second-order approximation was determined. The solution contains a few harmonic terms and also a lower-order term. These terms make the solution converge rapidly. It was observed that the present method gives better results than other existing results do, for both small and large amplitudes of oscillation. It was proved that the present method is very e ective, convenient and also gives more precise accuracy for solving strongly nonlinear oscillators.
